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In this paper, we construct some exact solutions for the non-isentropic Navier-Stokes equations with density-dependent viscosity in R N . A class of exact solutions is obtained for c ¼ h þ 1 N P 1:
qðt;xÞ ¼ with an arbitrary scalar C 1 function f > 0; constants a N 0 > 0 and d i . In particular, for a 0 < 0 and the even dimensions, the solutions blow up in the finite time T = ÀjNa 0 . For a 0 > 0, the constructed solutions are global. Here the main contribution is that we free the density function to be an arbitrary positive C 1 functions for the non-isentropic fluids. We note that our new method can work only for the non-isentropic fluids. In addition, the constructed exact solutions are useful for testing numerical methods for the system.
Introduction
The Navier-Stokes equations with density-dependent viscosity, can be formulated in the following form:
The standard notations, q ¼ qðt;xÞ P 0;ũ ¼ũðt;xÞ ¼ ðu 1 ; u 2 ; . . . ; u N Þ and S ¼ Sðt;xÞ denote the density, velocity and entropy respectively,
The c-law can be applied to the pressure function:
with a constant c P 1. In addition, we consider the density-dependent viscosity function that takes the form visðq;ũÞ¼ : 5 ðlðqÞ 5 ÁũÞ ð 4Þ where l(q) is a density-dependent viscosity function, which is usually written by
with the constants j, h P 0. For the more information about study of the above system, the readers may refer [1, 3] . For the isentropic fluids, S = lnK, with a positive constant K, the pressure function can be expressed by
The solutions to the Navier-Stokes Eq. (2) in radial symmetry, 
Constructing exact solutions for the nonlinear partial differential equations is a very important part in nonlinear science and http://dx.doi.org/10.1016/j.rinp.2012.05.002 mathematical physics. In 2009, Yeung and Yuen [4] showed that there exists a family of the analytical solutions for the Navier-Stokes equations with density-dependent viscosity (8):
where A P 0, B and C are constants.
(ii) for h = c > 1, 
where a 0 , a 1 and a > 0 are constants. 
where m, n > 0, r > 0 and a are constants.
In addition, other related results for the density-dependent systems can be found in [8, 9, 6] .
In this article, we can construct a class of exact solutions for the non-isentropic density-dependent Navier-Stokes equations with pressure (2) . Our main result is the following theorem: 
with an arbitrary scalar C 1 function f > 0; constants a N 0 > 0 and d i . In particular,
(1) for a 0 < 0 and the even dimensions, the solutions (12) blow up in the finite time T = ÀjNa 0 , (2) for a 0 > 0, the solutions (12) globally exist.
We highlight that our solutions are exact as f can be chosen as an explicit form. It has never been seen in the previous literature for the systems with the pressure term (other than the pressureless Euler and Navier-Stokes equations without density-dependent viscosity) [2, 8, 9, 4, 6] by separation methods.
Remark 2. Our result can be generalized to the case f P 0 and f > 0 except a set of measure zero in R N by passing to the weak solution type arguments.
Exact solutions
To start with, we apply the Yeung and Yuen' lemma in [7] to obtain the explicit expression for the mass equation: 
with an arbitrary C 1 function g and a(t) > 0 and constants d i .
Proof. The proof is similar to the one for Lemma 1 in [7] . We substitute the functions 
The general solutions for the semi-linear partial differential Eq. (19) are:
with an arbitrary C 1 function G. We take the explicit form
with an arbitrary C 1 function g. We complete the proof. h
The technique of constructing solutions is to reduce the partial differential equations into ordinary differential equations only. Based on the above lemmas, it is ready to check our solutions for the system.
Proof of Theorem 1. The structure of our solutions (12), fits well for the mass Eq. (2) 1 and the entropy Eq. (2) 3 , from the above lemmas.
For qðt;xÞ > 0, we definite the vector n :¼
; . . . :;
and a:¼a(t) to calculate the i-th momentum Eq. (2) 2 :
with the linear time function aðtÞ ¼ t jN þ a 0 .
Then, we may choose gðñÞ ¼ a ln f ðñÞ to obtain: 
In particular,
(1) for a 0 < 0 and the even dimensions, if the condition a N 0 > 0; is satisfied, the solutions (12) blow up in the finite time T = ÀjNa 0 , (2) for a 0 > 0, the solutions (12) globally exist.
The proof is completed. h By comparing the previous isentropic cases [4] , our main contribution in this brief article is to free the density function as an arbitrary positive C 1 function for the density-dependent Navier-Stokes system (2) . The similar cases happen in the pressureless Euler and Navier-Stokes systems:
ð30Þ [10, 5, 7] .
Remark 5. When we fix the pressure function as
the degree of freedom in Eq. (26) is only one. Then, we cannot balance the momentum equations to handle the two corresponding conditions like Eq. (29). Therefore, our method in this paper cannot be applied to the isentropic fluids (S = lnK with K > 0). Remark 6. The mass of the solutions (12) for the Navier-Stokes equations with density-dependent viscosity is
It is finite, for
Remark 7. Our solutions can be easily extended to the system with the linear damping,
where b is a positive constant.
Conclusion
In this paper, we construct some exact solutions for the nonisentropic Navier-Stokes equations with density-dependent viscosity in R N . We remark that our new method can work only for the non-isentropic fluids.
Here, our exact solutions (12) can provide the concrete examples for testing the validation and stabilities of numerical methods for the density-dependent Navier-Stokes system with pressure.
In the mathematical model (2), we neglect the heat diffusion and the viscosity effect in the energy equation, for making the energy equation as a transport equation of the entropy (2) 3 , to simplify the mathematical computation. Therefore, further research is expected to investigate the possibility of the similar fluids of the more complicated systems.
